In an earlier paper the authors have shown that conditionally compact subsets of I1 are characterized by uniform Gâteaux differentiability. Results in this paper show that this equivalence characterizes spaces which contain I1.
d(x) = {x* G X*:x*(y) < D+(x,y),yG X}.
We note that d: X -» X* is a multivalued mapping which is both monotone and maximal. The reader may consult Rockafellar [8, 9] and Fitzpatrick [5] for a discussion of monotone operators. We remark that some of the results in [5] require the additional assumption that bounded sequences in X* have w*-convergent subsequences. Since the spaces X in which we wish to apply Fitzpatrick's results are separable, this added condition is satisfied automatically in our setting.
We say that uniform Gâteaux differentiability (= u.G.d.) characterizes compactness in X provided that the norm closure of a subset K of X is compact iff there is some x G X so that D(x, y) exists uniformly for y G K. We remark that Examples 2.6 and 2.7 of [2] show that u.G.d. does not characterize even weak compactness in general. Now we come to the main result of our paper. Our proof makes use of Day's locally uniformly convex norm -7 on en and renorming techniques of Troyanski [11] . We note that 7 enjoys the following monotonicity property: If (a"), (bn) G cq and |an| < |6"| for n, then ^((an)) < ^((bn)). The reader may consult Day [3] , Diestel [4, pp. 94-100], or Rainwater [7] for properties of 7. THEOREM 1. An infinite dimensional Banach space X contains an isomorphic copy of I1 iff there is an infinite dimensional subspace Y of X and an equivalent norm |||-||| on Y so that uniform Gâteaux differentiability characterizes compactness in (Y, HI -HI).
The following fact plays a pivotal role in establishing Theorem 1. Because of its importance in the proof, we have chosen to designate it as a lemma and to proceed with its proof before presenting our argument for Theorem 1.
LEMMA 2. If X is a Banach space with a weakly Cauchy normalized basis (xn), then there is a dense Gs-subset A of X so that D(x,xn) exists uniformly in n for all x G A.
PROOF. Suppose that (x") satisfies the hypotheses, and let || • || denote the given norm on X. Let (en)^=1 be the usual basis for en, and let en = (1,1,1 Let T: X* -> en be the nonlinear operator defined by
Since Day's norm 7 satisfies the monotonicity condition cited before Theorem 1, T is injective, and 7 o T is strictly positive definite and absolutely homogeneous, it follows that 7 o T defines a norm on X*. Further, since 7 is an equivalent norm on Co and ||x*|| is the first component of T(x*), it follows that 7 o T is an equivalent norm on X*. Let ||| • ||| denote this norm on X*. We assert that ||| • ||| is a dual norm on X*. To demonstrate this, it suffices to show that ß(x*,|||-|||) is w*-closed. Suppose then that (x*)QgA is a net so that lllxXHI < 1 for each a, and x* ^+ x*. Clearly ||x*|| < lim||x*|| since II • II is a 11 11 11 dual norm. Further, x*(xi) = limQx*(xi) and x*(x¿ -x¿_i) = limQx*(x¿ -x¿_i).
Next we consider rn(L(x*)). Fix n and suppose that ua G [en,...,e"] so that ||L(x*) -UqIIoo = Tn(L(x*a)),a G A. Since {x*:a G A} is norm bounded and L is a bounded linear operator, {ua: a G A} must be a bounded subset of the finite dimensional space [en,..., en]. Let u be a norm cluster point of (ua); without loss of generality, suppose that ||ua -u\\oo -> 0. Now L(x*a) ^ L(x*) in l°°, and thus
Thus each "coordinate" of T is w*-lower semicontinuous, and it follows that |||x*||| = 7(T(x*)) < 1. Hence ||| • ||| is an equivalent dual norm on X*.
Next we claim that 111 • 111 is a strictly convex norm on X*. Suppose that 11 |x*111 = llly*lll = lll(x* +2/*)/2|||-By the monotonicity of 7, we have that
The local uniform convexity of 7 then certainly guarantees that 7(T(x*) -T(y*)) -0, i.e. T(x*) = T(y*). Since T is injective, it follows that x* -y*, and indeed ||| ■ ||| is a strictly convex norm on X*. Of course, we note that the strict convexity of III ■ HI on X* guarantees that the induced norm on X is smooth (e.g. see Diestel [4, p. 23]).
Now let d denote the maximal monotone operator in X X X* given by the subgradient of the original norm || • || on X, i.e.
d(x) = {x* G X*: x*(y) < D+(x,y) for all y G X} = {x* G X*:D~(x,y) < x'(y) < D+(x,y) for ail y G X}. In addition we note that if Xn G A and (xa,x*) is a net from d so that ||xQ -xoll -> 0 and x* ^+ x¡$, then the maximality of d ensures that (xo,Xq) S d. That is, (xq -x*,Xo -x) > Q for each (x,x*) G d, and, since 3(xn) is a singleton and d is a maximal, Xq = <9(xn). Now suppose that ||y" -xn|| -> 0 and y* G d(yn) for each n. Let y* be a w*-cluster point of (j/*) (recall that (y*) is norm bounded), and let (yna) be a subnet of (y^) so that y*a ^+ y*. But then from the preceding observation in this paragraph, it follows that y* -Xq. Therefore y*n ^ xj$, and d is (norm,w* )-continuous at each point of A. Suppose then that xn G A, xn ^ 6, and Xq = d(xo). We assert that ,. ||xo + ¿x"l|-||xo|| _ A companion question that one might ask in view of Theorem 1 is whether u.G.d. characterizes compactness in every equivalent norm on I1, The following result shows that this is definitely not the case. THEOREM 3. Let X be a Banach space with a Schauder basis (xn)(n°=1, and let xo be any nonzero point in X. Then there is an equivalent norm \\\ ■ \\[ on X so that 111 ■ 111 is Fréchet differentiable at xq .
PROOF. Let X be a Banach space with basis (yn), and let (an) be a sequence of nonzero scalars so that (anyn) is weakly Cauchy. Let x" = anyn, n G N, and let xo G X, xo 7^ 0. Further, suppose that (Ln) is a sequence of functionals defined on X* as follows:
Ln(x*) = x*(x" -xn-i), n > 2, Li(x*) = x*(xi). Now define T: X* -» c0 by T(x') = (\\x*\\,L1(x*),L2{x'),L3(x*),...), and define p* on X* by p*(x*) = ^(T(x*)). Then, as in the proof of Lemma 2, it follows that p* is an equivalent strictly convex dual norm on X*. Let p be the equivalent induced smooth norm on X. Now let Xq be the unique p*-norm-one member of X* so that x*,(xo 
